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CR-INVARIANCE OF THE STEINNESS INDEX
JIHUN YUM
Abstract. We characterize the Diederich-Fornaess index and the Steinness index in
terms of a special 1-form, which we call D’Angelo 1-form. We then prove that the
Diederich-Fornaess and Steinness indices are invariant under CR-diffeomorphisms by
showing CR-invariance of D’Angelo 1-forms.
1. Introduction
Let Ω ⊂ Cn(n ≥ 2) be a bounded domain with C1-smooth boundary. A C1-smooth
function ρ defined on a neighborhood V of Ω is called a (global) defining function of
Ω if Ω = {z ∈ V : ρ(z) < 0} and dρ(z) 6= 0 for all z ∈ ∂Ω. The Diederich-Fornæss
exponent of ρ is defined by
ηρ := sup{η ∈ (0, 1) : −(−ρ)η is strictly plurisubharmonic on Ω}.
If there is no such η, then we define ηρ = 0. The Diederich-Fornæss index of Ω is
defined by
DF (Ω) := sup ηρ,
where the supremum is taken over all defining functions ρ. We say that the Diederich-
Fornæss index of Ω exists if DF (Ω) ∈ (0, 1]. If DF (Ω) exists, then there exists a
bounded strictly plurisubharmonic exhaustion function on Ω. In other words, Ω be-
comes a hyperconvex domain. In 1977, Diederich and Fornæss ([5]) proved that for a
bounded pseudoconvex domain Ω, C2-smoothness of ∂Ω implies the existence ofDF (Ω).
In [10], the author introduced the concept of Steinness index which is an analogue of
the Diederich-Fornaess index but related to Stein neighborhood bases. The Steinness
exponent of ρ is defined by
η˜ρ := inf{η˜ > 1 : ρη˜ is strictly plurisubharmonic on Ω∁ ∩ U
for some neighborhood U of ∂Ω},
where Ω
∁
:= Cn \Ω. If there is no such η˜, then we define η˜ρ =∞. The Steinness index
of Ω is defined by
S(Ω) := inf η˜ρ,
where the infimum is taken over all defining functions ρ. We say that the Steinness
index of Ω exists if S(Ω) ∈ [1,∞). Ω is said to have a Stein neighborhood basis if for any
neighborhood V1 of Ω, there exists a pseudoconvex domain V2 such that Ω ⊂ V2 ⊂ V1.
If S(Ω) exists, then there exist a defining function ρ and η2 ∈ (1,∞) such that ρη2 is
strictly plurisubharmonic on Ω
∁∩U . Thus Ω has a Stein neighborhood basis. In contrast
to the Diederich-Fornæss index, the smoothness of the boundary does not imply the
1
2 JIHUN YUM
existence of S(Ω); worm domains provide an example ([6]). The author ([10]) showed
that the existence of Steinness index is equivalent to that of a strong Stein neighborhood
basis. Moreover, the author found the following relation between two indices on worm
domains Ωβ ;
1
DF (Ωβ)
+
1
S(Ωβ)
= 2.
The purpose of this paper is to investigate whether those two indices are invari-
ant under CR-diffeomorphisms. The author ([9]) proved that for relatively compact
domains Ω1 and Ω2 in Stein manifolds with C
1-smooth boundary, if there exists CR-
diffeomorphism f : ∂Ω1 → ∂Ω2, then DF (Ω1) = DF (Ω2). The idea of the proof is the
following: we first extend f to a diffeomorphism F : U1 ⊃ Ω1 → U2 ⊃ Ω2 such that
F |Ω1 : Ω1 → Ω2 is a biholomorphism and F |∂Ω1 = f . Then for 0 < η < 1 and a defining
function ρ of Ω2, if −(−ρ)η is strictly plurisubharmonic on Ω2, then −(−(ρ ◦ F ))η is
also strictly plurisubharmonic on Ω1.
On the other hand, this approach for proving CR-invariance of the Steinness index
does not work, because we can not extend CR-diffeomorphisms holomorphically outside
the domain near the boundary. Instead, we characterize the Steinness index as well as
the Diederich-Fornaess index on the set of weakly pseudoconvex boundary points in
terms of a special 1-form, which we call D’Angelo 1-form (Definition 3.1).
Theorem 1.1. Let Ω ⊂⊂ Cn be a pseudoconvex domain with Ck(k ≥ 3)-smooth bound-
ary. Let ρ be a defining function of Ω. Let αρ be a D’Angelo 1-form of ρ. Denote by
ωρ := pi1,0αρ the projection of αρ onto its (1, 0)-component. Then
DF (Ω) = sup
ρ
{
0 < η1 < 1 :
(
η1
1− η1 (ωρ ∧ ωρ)− ∂ωρ
)
(L, L) ≤ 0 ∀p ∈ Σ, ∀L ∈ Np
}
,
S(Ω) = inf
ρ
{
η2 > 1 :
(
η2
η2 − 1(ωρ ∧ ωρ) + ∂ωρ
)
(L, L) ≤ 0 ∀p ∈ Σ, ∀L ∈ Np
}
,
where Σ is the set of weakly pseudoconvex boundary points and Np is the null-space of
Levi-form at p.
Then we prove that the two indices are invariant under CR-diffeomorphism by show-
ing that D’Angelo 1-forms are invariant under CR-diffeomorphisms (Proposition 5.3).
Theorem 1.2. Let Ω1 and Ω2 be bounded domains in C
n with Ck(k ≥ 3)-smooth
boundaries. If ∂Ω1 and ∂Ω2 are CR-equivalent then
DF (Ω1) = DF (Ω2) and S(Ω1) = S(Ω2)
hold.
2. Preliminaries
We first fix the notation of this paper, unless otherwise mentioned.
• Ω : a bounded pseudoconvex domain with Ck(k ≥ 3)-smooth boundary in Cn.
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• ρ : a defining function of Ω.
• Σ : the set of all weakly pseudoconvex points in ∂Ω.
• g : the standard Euclidean complex Hermitian metric in Cn.
• ∇ : the Levi-Civita connection of g.
• ∇ρ : the real gradient of ρ.
• U : a tubular neighborhood of ∂Ω.
• Lρ : the Levi-form of ρ.
• Np : the null-space of the Levi-form at p ∈ ∂Ω.
Define
Nρ :=
1√∑n
j=1 | ∂ρ∂zj |2
n∑
j=1
∂ρ
∂z¯j
∂
∂zj
, Ln,ρ :=
1∑n
j=1 | ∂ρ∂zj |2
n∑
j=1
∂ρ
∂z¯j
∂
∂zj
.
We denote Nρ and Ln,ρ by N and Ln, respectively, if there is no ambiguity. Note that
N and Ln depend on a defining function ρ, but N is independent of ρ on ∂Ω. Also,
note that Re{Nρ} and Re{Ln} are real normal vector fields on ∂Ω, and
‖N‖ =
√
g(N,N) =
1√
2
, Lnρ = 1, Ln =
1
‖∂ρ‖N =
2
‖∇ρ‖N.
Let J be the complex structure of Cn and Tp(∂Ω) be the real tangent space of ∂Ω at
p ∈ ∂Ω. Let T cp (∂Ω) := J(Tp(∂Ω)) ∩ Tp(∂Ω). Then the complexified tangent space of
T cp (∂Ω), CT
c
p (∂Ω) := C ⊗ T cp (∂Ω), can be decomposed into the holomorphic tangent
space T 1,0p (∂Ω) and the anti-holomorphic tangent space T
0,1
p (∂Ω). We call X a (1, 0)
tangent vector if X ∈ T 1,0p (∂Ω).
Let X, Y, Z be complex vector fields in Cn. A direct calculation implies the following
properties.
Lρ(X, Y ) = g(∇X∇ρ, Y ) = X(Y ρ)− (∇XY )ρ,
Zg(X, Y ) = g(∇ZX, Y ) + g(X,∇ZY ), Zρ = g(∇ρ, Z),
∇X∇Y −∇Y∇X −∇[X,Y ] = 0.
Let d = ∂ + ∂ be the exterior derivative and dc = i(∂ − ∂).
Lemma 2.1. Let Ω ⊂⊂ Cn be a pseudoconvex domain with Ck(k ≥ 2)-smooth bound-
ary, and ρ be a defining function of Ω. Suppose that Lρ(L, L)(p) = 0 for p ∈ ∂Ω and
L ∈ T 1,0p (∂Ω). Then Lρ(L, T )(p) = 0 for all T ∈ T 1,0p (∂Ω).
Proof. Since Ω is pseudoconvex, the Levi-form of a defining function ρ satisfies the
Cauchy-Schwarz inequality on T 1,0p (∂Ω). Therefore, for all T ∈ T 1,0p (∂Ω),
|Lρ(L, T )(p)|2 ≤ |Lρ(L, L)(p)||Lρ(T, T )(p)| = 0,
which completes the proof.

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3. D’Angelo 1-form
We first define a real 1-form α which was first introduced by D’Angelo ([3], [4]). We
call it D’Angelo 1-form. For a defining function ρ of Ω, define
ηρ =
1
2
(
∂ρ − ∂ρ) and Tρ = Ln,ρ − Ln,ρ.
We denote ηρ and Tρ by η and T , respectively, if there is no ambiguity. Then η is a
purely imaginary, non-vanishing 1-form on ∂Ω that annihilates T 1,0(∂Ω) ⊕ T 0,1(∂Ω),
and T is a purely imaginary tangential vector field orthogonal to T 1,0(∂Ω) ⊕ T 0,1(∂Ω)
such that η(T ) ≡ 1.
Definition 3.1. A D’Angelo 1-form αρ on ∂Ω is defined by
αρ := −LT η,
where LT is the Lie derivative in the direction of T .
Remark 3.2. Note that the D’Angelo 1-form is defined from a defining function. On the
other hand, we can also define the D’Angelo 1-form without using a defining function.
Let η is a purely imaginary, non-vanishing 1-form on ∂Ω that annihilates T 1,0(∂Ω) ⊕
T 0,1(∂Ω), and Tη is the (uniqe) purely imaginary tangential vector field orthogonal to
T 1,0(∂Ω) ⊕ T 0,1(∂Ω) such that η(T ) ≡ 1. Then the D’Angelo 1-form αη of η is defined
by
αη := −LTηη,
where LTη is the Lie derivative in the direction of Tη. We claim that those two definitions
are equivalent. In order words, we prove that for any η defined above there exists a
defining function ρ such that αρ = αη. Fix a defining function r of Ω. Then since η is
non-vanishig, there exists a smooth function ϕ on ∂Ω such that η = eϕηr or η = −eϕηr.
First, suppose that η = eϕηr. Then Tη = e
−ϕTr. Let ρ := e
ϕr. Then ηρ = e
ϕηr = η and
Tρ = e
−ϕTr = Tη. Therefore,
αρ = −LTρηρ = −LTηη = αη.
If η = −eϕηr, then by the same argument above, αρ = −LTρηρ = −L(−Tη)(−η) = αη.
In this paper, we use Definition 3.1 for our purpose.
We denote αρ by α if there is no ambiguity. Note that since η and T are purely
imaginary, α is a real 1-form. Now we give known properties of α which we will use
later. For more information about the D’Angelo 1-form, we refer the reader to [8].
Proposition 3.3 ([1]). Let α be a D’Angelo 1-form on ∂Ω. Then
(dα)p(X, Y ) = 0
for all p ∈ ∂Ω and X, Y ∈ Np ⊕N p.
Lemma 3.4 ([1]). Let L1, L be smooth (1, 0) tangent vector fields on ∂Ω. Then
∂ρ([Ln, L]) = Lρ(Ln, L),
and
∂ρ([L1, L]) = Lρ(L1, L)
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on ∂Ω.
Proof. Let L1 =
∑n
j=1 aj
∂
∂zj
and L =
∑n
k=1 bk
∂
∂zk
. Since Lnρ = 1, L1ρ = 0,
n∑
j=1
(
1
‖∂ρ‖2
∂ρ
∂zj
)(
∂ρ
∂zj
)
= 1,
n∑
j=1
aj
∂ρ
∂zj
= 0
imply
n∑
j=1
L
(
1
‖∂ρ‖2
∂ρ
∂zj
)(
∂ρ
∂zj
)
+
n∑
j=1
(
1
‖∂ρ‖2
∂ρ
∂zj
)
L
(
∂ρ
∂zj
)
= 0,
n∑
j=1
L(aj)
∂ρ
∂zj
+
n∑
j=1
ajL
(
∂ρ
∂zj
)
= 0,
respectively. Therefore,
∂ρ
(
[Ln, L]
)
= −
n∑
j=1
L
(
1
‖∂ρ‖2
∂ρ
∂zj
)
∂ρ
∂zj
=
n∑
j=1
1
‖∂ρ‖2
∂ρ
∂zj
L
(
∂ρ
∂zj
)
=
1
‖∂ρ‖2
n∑
j=1,k=1
∂2ρ
∂zj∂zk
∂ρ
∂zj
bk = Lρ(Ln, L),
and
∂ρ
(
[L1, L]
)
= −
n∑
j=1
L(aj)
∂ρ
∂zj
=
n∑
j=1
ajL
(
∂ρ
∂zj
)
=
n∑
j=1,k=1
∂2ρ
∂zj∂zk
ajbk = Lρ(L1, L).

Lemma 3.5 ([1]). Let α be a D’Angelo 1-form on ∂Ω. Then
α(L) = ∂ρ
(
[Ln, L]
)
= 2
Lρ(N,L)
‖∇ρ‖
on ∂Ω for a (1, 0) vector field L on ∂Ω.
Proof. Lemma 3.4 implies that
α(L) = −(LTη)(L) = −T (η(L)) + η([T, L]) = η([T, L]) = 1
2
(
∂ρ − ∂ρ) ([T, L])
= ∂ρ
(
[Ln − Ln, L]
)
= ∂ρ
(
[Ln, L]
)
= Lρ(Ln, L) = 2
Lρ(N,L)
‖∇ρ‖ .
Here, we used
(
∂ρ+ ∂ρ
) (
[T, L]
)
= dρ
(
[T, L]
)
= 0 (because [T, L] is tangential), and
∂ρ
(
[Ln, L]
)
= 0 (because [Ln, L] is of type (0, 1)). 
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4. Characterization of two indices in terms of D’Angelo 1-form
The author ([10]), exploiting the idea of [7], characterized the Steinness index by way
of a differential inequality on the set of weakly pseudoconvex boundary points (in fact,
on the set of infinite type boundary points in the sense of D’Angelo). Also, we may
induce a similar description for the Diederich-Fornaess index by the same argument.
The two descriptions are the following.
Throughout this section, let L be an arbitrary (1,0) vector field defined on a neigh-
borhood U ⊃ ∂Ω with Lρ = 0 and define
ΣL := {p ∈ ∂Ω : Lρ(L, L)(p) = 0}.
Theorem 4.1.
DF (Ω) = sup
ρ
{
0 < η1 < 1 :
1
1− η1
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ ≤ 0 on ΣL ∀L
}
,
where the supremum is taken over all smooth defining functions ρ.
Theorem 4.2 (Yum [10]).
S(Ω) = inf
ρ
{
η2 > 1 :
1
η2 − 1
|Lρ(L,N)|2
‖∇ρ‖2 −
1
2
NLρ(L, L)
‖∇ρ‖ ≤ 0 on ΣL ∀L
}
,
where the infimum is taken over all smooth defining functions ρ.
Remark 4.3. We give here an explaination about the difference of Theorem 4.1 and
the formula of Liu (Thoerem 2.9 in [7]). Liu dealt with a defining function of the form
reψ, where r is a defining function and ψ is a smooth function near the boundary. If
we apply the same argument as Liu for a defining function ρ, then one can conclude
Theorem 4.1. If we replace ρ by reψ in Theorem 4.1 (using Lemma 2.2 in [10]), one
gets a formula which is equivalent to the formula of Liu.
The two theorems above imply that the Diederich-Fornaess index and Steinness index
are completely determined by the two values |Lρ(L,N)|
2
‖∇ρ‖2 and
NLρ(L,L)
‖∇ρ‖ on the set of weakly
pseudoconvex boundary points. From Lemma 3.5, we know that
α(L) = 2
Lρ(N,L)
‖∇ρ‖
for a D’Angelo 1-form α. We now describe the second value in terms of α.
Lemma 4.4. Let α be a smooth real 1-form on Cn. Let X ∈ T 1,0(Cn) and Y ∈ T 0,1(Cn).
Then the following equations hold.
(dα)(X, Y ) = X(α(Y ))− Y (α(X))− α(∇XY ) + α(∇YX),
(dcα)(X, Y ) = i
[−X(α(Y ))− Y (α(X)) + α(∇XY ) + α(∇YX)] .
Proof. The first equation follows by the definition of exterior derivative :
(dα)(X, Y ) = X(α(Y ))− Y (α(X))− α([X, Y ])
= X(α(Y ))− Y (α(X))− α(∇XY ) + α(∇YX).
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Since α is real, we may write
α =
n∑
l=1
(aldzl + aldzl), X =
n∑
j=1
xj
∂
∂zj
, Y =
n∑
k=1
yk
∂
∂zk
for some aj ∈ C. Then
dcα = i(∂ − ∂)α
=i
n∑
l,m=1
[(
∂al
∂zm
dzm ∧ dzl + ∂al
∂zm
dzm ∧ dzl
)
−
(
∂al
∂zm
dzm ∧ dzl + ∂al
∂zm
dzm ∧ dzl
)]
,
(dcα)(X, Y ) = i
n∑
j,k=1
[
−∂aj
∂zk
xjyk −
∂ak
∂zj
xjyk
]
,
X(α(Y )) = X
(
n∑
l=1
alyl
)
=
n∑
j,k=1
xj
∂ak
∂zj
yk +
n∑
j,k=1
xjak
∂yk
∂zj
,
Y (α(X)) = Y
(
n∑
l=1
alxl
)
=
n∑
j,k=1
yk
∂aj
∂zk
xj +
n∑
j,k=1
ykaj
∂xj
∂zk
,
∇XY =
n∑
j,k=1
xj
∂yk
∂zj
∂
∂zk
, ∇YX =
n∑
j,k=1
yk
∂xj
∂zk
∂
∂zj
,
α(∇XY ) =
n∑
j,k=1
akxj
∂yk
∂zj
, α(∇YX) =
n∑
j,k=1
ajyk
∂xj
∂zk
,
Therefore,
(dcα)(X, Y ) = i
[−X(α(Y ))− Y (α(X)) + α(∇XY ) + α(∇YX)] .

Lemma 4.5.
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ =
1
4
g(∇L∇Ln∇ρ, L)(4.1)
holds at p ∈ ΣL for all L.
Proof. Fix p ∈ ΣL. Then
1
2
NLρ(L, L)
‖∇ρ‖ =
1
4
LnLρ(L, L) =
1
4
Lng(∇L∇ρ, L)
=
1
4
g(∇Ln∇L∇ρ, L) +
1
4
g(∇L∇ρ,∇LnL)
=
1
4
g(∇L∇Ln∇ρ, L) +
1
4
g(∇[Ln,L]∇ρ, L) +
1
4
g(∇L∇ρ,∇LnL)
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at p. If L vanishes at p, then the last three terms are all zero and hence NLρ(L, L) = 0.
Thus the equation 4.1 holds. Therefore, we assume that L 6= 0 at p.
Let {√2T1, · · · ,
√
2Tn−2,
√
2Tn−1} be an orthonormal basis of T 1,0p (∂Ω) with
√
2Tn−1 =
L
‖L‖ . Then first,
g(∇L∇ρ,∇LnL)
=g
(
∇L∇ρ,
n−1∑
j=1
g(∇LnL,
√
2Tj)
√
2Tj + g(∇LnL,
√
2N)
√
2N
)
=
n−1∑
j=1
2g(∇LnL, Tj)Lρ(L, Tj) + 2g(∇LnL,N)Lρ(L,N)
=2g(∇LnL,N)Lρ(L,N)
=4g(∇NL,N)
Lρ(L,N)
‖∇ρ‖ .
Here, we used Lemma 2.1 in the third equality above.
Lρ(N,L) = N(Lρ)− (∇NL)ρ = −(∇NL)ρ
⇒ −Lρ(L,N) = (∇NL)ρ = 2g(∇NL,N)(Nρ) = g(∇NL,N)‖∇ρ‖
⇒ g(∇NL,N) = −
Lρ(L,N)
‖∇ρ‖ .
Therefore,
g(∇L∇ρ,∇LnL) = −4
|Lρ(L,N)|2
‖∇ρ‖2 .
Second, by the same argument as above,
g(∇[Ln,L]∇ρ, L) = g(∇L∇ρ, [Ln, L]) = 2g([Ln, L], N)Lρ(L,N).
g([Ln, L], N) = g([Ln, L], N +N) =
1
‖∇ρ‖g([Ln, L],∇ρ) =
1
‖∇ρ‖ [Ln, L]ρ
=
1
‖∇ρ‖ (Ln(Lρ)− L(Lnρ)) = 0.
The last equation follows from Lρ = 0 and Lnρ = 1. Therefore,
g(∇[Ln,L]∇ρ, L) = 0.
All together, we have
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ =
1
4
g(∇L∇Ln∇ρ, L).

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Proposition 4.6. Let α be a D’Angelo 1-form. Then
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ =
i
8
(dcα)(L, L)(4.2)
holds at p ∈ ΣL for all L.
Proof. By Lemma 4.5,
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖
=
1
4
g(∇L∇Ln∇ρ, L)
=
1
4
Lg(∇Ln∇ρ, L)−
1
4
g(∇Ln∇ρ,∇LL)
=
1
4
LLρ(Ln, L)− 1
4
Lρ(Ln,∇LL)
Since Lρ(L, L) = 0 at p,
0 = Lρ(L, L) = L(Lρ)− (∇LL)ρ = −(∇LL)ρ(4.3)
implies that (∇LL) ∈ T 1,0p (∂Ω). Then by Lemma 3.5,
α(L) = 2
Lρ(N,L)
‖∇ρ‖ = Lρ(Ln, L),
α(∇LL) = 2Lρ(N,∇LL)‖∇ρ‖ = Lρ(Ln,∇LL).
Note that we did not use Lρ(L, L) = 0 in the proof of Lemma 3.5; we just used Lρ = 0.
Altogether, we have
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ =
1
4
L(α(L))− 1
4
α(∇LL).
Now by Lemma 4.4 and the above equation,
1
8
(dα + idcα)(L, L) =
1
4
L(α(L))− 1
4
α(∇LL) = |Lρ(L,N)|
2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ .(4.4)
Since dα(L, L) = 0 by Proposition 3.3, we have
|Lρ(L,N)|2
‖∇ρ‖2 +
1
2
NLρ(L, L)
‖∇ρ‖ =
i
8
(dcα)(L, L).

Proof of Theorem 1.1. We prove it for the Steinness index case. Since α is a real
1-form, we may write it as α = ω + ω. Then
i
2
dcα(L, L) =
1
2
(d+ idc)α(L, L) = ∂α(L, L) = ∂ω(L, L) = −∂ω(L, L).(4.5)
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Here, Proposition 3.3 is used in the first equality. Hence, from Lemma 3.5 and Propo-
sition 4.6,
1
η2 − 1
|Lρ(L,N)|2
‖∇ρ‖2 −
1
2
NLρ(L, L)
‖∇ρ‖ ≤ 0
⇔
(
η2
η2 − 1(ω ∧ ω)−
i
2
dcα
)
(L, L) ≤ 0
⇔
(
η2
η2 − 1(ω ∧ ω) + ∂ω
)
(L, L) ≤ 0.
Therefore, the theorem is proved by Theorem 4.2. For the Diederich-Fornaess index
case, it follows from the same argument as above.

Remark 4.7. We give an alternative proof for Lemma 2.2 in [10]. Let ρ˜ and ρ be
Ck(k ≥ 3)-smooth defining functions of Ω. Then there exists a Ck−1-smooth real-
valued function ψ such that ρ˜ = ρeψ. Let η˜ = ηρ˜, η = ηρ, T˜ = Tρ˜ and T = Tρ as
in Section 3. Let α˜ = −LT˜ η˜ and α = −LTη. By a direct calculation, η˜ = eψη and
T˜ = e−ψT . Then for X ∈ T 1,0(∂Ω), as in the proof of Lemma 3.5,
α˜(X) = η˜([T˜ , X ]) = eψη([e−ψT,X ]) = η([T,X ]) +Xψ = α(X) + dψ(X).
Since α˜, α, ψ are real,
α˜(X) = α(X) + dψ(X).
Moreover, by the equation (4.4) and the above equation, for L ∈ Np, p ∈ ∂Ω,
idcα˜(L, L) =2L(α˜(L))− 2α˜(∇LL)
=2L
(
α(L) + Lψ
)− 2 (α(∇LL) + (∇LL)ψ)
=2L(α(L))− 2α(∇LL) + 2L(Lψ)− 2(∇LL)ψ
=idcα(L, L)− iddcψ(L, L).
In the second equlity, we used ∇LL ∈ T 0,1(∂Ω) (see the equation (4.3)).
5. CR-invariance of two indices
In the previous section, we showed that the Diederich-Fornaess index and Steinness
index are completely determined by D’Angelo 1-forms on the set of weakly pseudocon-
vex boundary points. In this section, we prove that those two indices are invariant
under CR-diffeomorphisms by showing that D’Angelo 1-forms are invariant under CR-
diffeomorphisms in some sense.
Definition 5.1. Let Ω1 and Ω2 be domains in C
n (n ≥ 2) with Ck(k ≥ 1)-smooth
boundaries. A Ck-smooth function f : Ω1 → C is called a CR-function if
Lf = 0,
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for all p ∈ ∂Ω1 and L ∈ T 1,0p (∂Ω1). A Ck-smooth function F : ∂Ω1 → ∂Ω2 is called a
CR-map if
F (T 1,0p (∂Ω1)) ⊂ T 1,0f(p)(∂Ω2),
for all p ∈ ∂Ω1. A Ck-smooth function F : ∂Ω1 → ∂Ω2 is called a CR-diffeomorphism
if it is a CR-map and a diffeomorphism.
Theorem 5.2 (Boggess [2]). Suppose M is a Ck, k ≥ 2, generic CR submanifold of
Cn with real dimension 2n− d, 1 ≤ d ≤ n. If f is a Ck CR-function on M , then there
exists a Ck function F defined on Cn such that ∂F vanishes on M to order k − 1 and
F |M = f .
Proposition 5.3. Let Ω1 and Ω2 be bounded pseudoconvex domains in C
n with Ck(k ≥
3)-smooth boundaries, and ρ be a defining function of Ω2. Suppose that there exists a
Ck-smooth CR-diffeomorphism f : ∂Ω1 → ∂Ω2. Then
α(ρ◦f)(L)(p) = αρ(f∗(L))(f(p)),(5.1)
dcα(ρ◦f)(L, L)(p) = d
cαρ(f∗(L), f∗(L))(f(p)),
for all p ∈ ∂Ω1 and L ∈ Np.
Proof. Let {zj}nj=1 and {wj}nj=1 be coordinates of Ω1 ⊂ Cn and Ω2 ⊂ Cn, respectively.
By Theorem 5.2, we may extend f to F such that ∂F vanishes on ∂Ω1 to order k − 1
and F |M = f . We will denote the extension F again by f . Then,
L(ρ◦f)(X, Y )(p) = Lρ(f∗(X), f∗(Y ))(f(p))
for all p ∈ ∂Ω1 and X, Y ∈ T 1,0p (∂Ω1). Denote
Ln,ρ :=
1∑n
j=1 | ∂ρ∂wj |2
n∑
j=1
∂ρ
∂wj
∂
∂wj
.
Claim. f∗(Ln,(ρ◦f)) = Ln,ρ + L˜ for some L˜ ∈ T 1,0f(p)(∂Ω2).
Let f = (f1, · · · , fn). Then for p ∈ ∂Ω1 and q := f(p) ∈ ∂Ω2,
∂(ρ ◦ f)
∂zj
∣∣∣∣
p
=
n∑
k=1
∂ρ
∂wk
∣∣∣∣
q
∂fk
∂zj
∣∣∣∣
p
,
∂(ρ ◦ f)
∂zj
∣∣∣∣
p
=
n∑
k=1
∂ρ
∂wk
∣∣∣∣
q
∂fk
∂zj
∣∣∣∣
p
,
∣∣∣∣∣ ∂(ρ ◦ f)∂zj
∣∣∣∣
p
∣∣∣∣∣
2
=
n∑
k,l=1
∂ρ
∂wk
∣∣∣∣
q
∂f k
∂zj
∣∣∣∣
p
∂ρ
∂wl
∣∣∣∣
q
∂fl
∂zj
∣∣∣∣
p
,
and
f∗
(
n∑
j=1
∂(ρ ◦ f)
∂zj
∣∣∣∣
p
∂
∂zj
∣∣∣∣
p
)
=
n∑
j,k,l=1
∂fl
∂zj
∣∣∣∣
p
∂ρ
∂wk
∣∣∣∣
q
∂f k
∂zj
∣∣∣∣
p
∂
∂wl
∣∣∣∣
q
.
Hence, f∗(Ln,(ρ◦f))ρ ≡ 1 on ∂Ω2. Let f∗(Ln,(ρ◦f)) = aLn,ρ + L˜ for some a ∈ C and
L˜ ∈ T 1,0
f(p)(∂Ω2). Then
1 = f∗(Ln,(ρ◦f))ρ = aLn,ρρ+ L˜ρ = a,
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and the claim is proved.
Now, by Lemma 3.5 and the claim above,
α(ρ◦f)(L)(p) = L(ρ◦f)(Ln,(ρ◦f), L)(p)
= Lρ(f∗(Ln,(ρ◦f)), f∗(L))(f(p))
= Lρ(Ln,ρ, f∗(L))(f(p)) + Lρ(L˜, f∗(L))(f(p))
= αρ(f∗(L))(f(p)).
The explanation for the fourth equality is the following. Since f is a CR-map and
L ∈ Np, we have f∗(L) ∈ Nf(p). Hence by Lemma 2.1, Lρ(L˜, f∗(L))(f(p)) = 0. There-
fore, the first equation (5.1) is proved.
For the second equation, we first claim that f∗(∇LL) = ∇f∗(L)f∗(L) on ∂Ω2. Let
f−1 = (f−11 , · · · , f−1n ) and
L =
n∑
j=1
aj
∂
∂zj
.
Then
∇LL =
n∑
j,k=1
ak
∂aj
∂zk
∂
∂zj
, f∗(∇LL) =
n∑
j,k,l=1
ak
∂aj
∂zk
∂f l
∂zj
∂
∂wl
,
f∗(L) =
n∑
j,k=1
aj
∂fk
∂zj
∂
∂wk
, f∗(L) =
n∑
i,l=1
ai
∂f l
∂zi
∂
∂wl
.
Therefore,
∇f∗(L)f∗(L) =
n∑
i,j,k,l,m=1
aj
∂fk
∂zj
∂ai
∂zm
∂f−1m
∂wk
∂f l
∂zi
∂
∂wl
=
n∑
i,j,l,m=1
aj
∂ai
∂zm
δmj
∂f l
∂zi
∂
∂wl
=
n∑
i,j,l=1
aj
∂ai
∂zj
∂f l
∂zi
∂
∂wl
= f∗(∇LL),
where δmj is the Kronecker delta.
Now by Lemma 4.4,
i
(
dcα(f◦ρ)
)
(L, L)(p) =
(
dα(f◦ρ) + id
cα(f◦ρ)
)
(L, L)(p)
= 2L
(
α(f◦ρ)(L)
)
(p)− 2α(f◦ρ)(∇LL)(p)
= 2L
(
αρ(f∗(L)) ◦ f
)
(p)− 2αρ
(
f∗(∇LL)
)
(f(p))
= 2f∗(L)
(
αρ(f∗(L))
)
(f(p))− 2αρ
(
∇f∗(L)f∗(L)
)
(f(p))
= idcαρ
(
f∗(L), f∗(L)
)
(f(p)).

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Proof of Theorem 1.2. We prove that S(Ω1) = S(Ω2). If S(Ω1) and S(Ω2) are both
infinity, then we are done. Hence, we may assume S(Ω1) <∞. Then, since Ω1 admits
a Stein neighborhood basis, Ω1 is a pseudoconvex domain. Moreover, CR-equivalance
of ∂Ω1 and ∂Ω2 implies that Ω2 is a pseudoconvex domain. Therefore, we can apply
Theorem 1.1 for both Ω1 and Ω2.
Let ρ be a defining function of Ω2. Let Σ1 and Σ2 be the sets of weakly pseudo-
convex boundary points on ∂Ω1 and ∂Ω2, respectively. Fix a point p ∈ Σ1. Sup-
pose f : ∂Ω1 → ∂Ω2 is a CR-diffeomorphism. Then since f is a CR-diffeomorphism,
Lρ(f∗(L), f∗(L))(f(p)) = 0 for all p ∈ Σ1 and L ∈ Np. Therefore, f |Σ1 : Σ1 → Σ2 and
dpf |Np : Np → Nf(p) are injective and onto.
Now by Proposition 5.3, if for some η2 > 1,(
η2
η2 − 1(pi1,0αρ ∧ pi0,1αρ)−
i
2
dcαρ
)
(f∗(L), f∗(L)) ≤ 0,
for all L ∈ Np, then(
η2
η2 − 1(pi1,0α(ρ◦f) ∧ pi0,1α(ρ◦f))−
i
2
dcα(ρ◦f)
)
(L, L) ≤ 0.
for all L ∈ Np. Therefore, this implies S(Ω1) ≤ S(Ω2) by using Theorem 1.1 and the
equation (4.5). The same argument for f−1 gives S(Ω1) ≥ S(Ω2), and this completes
the proof. The statement DF (Ω1) = DF (Ω2) follows from the same argument as in the
Steinness index case.
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